We compute ground state fidelity of the one-dimensional Bose-Hubbard model at unit filling factor. To this aim, we apply the DMRG algorithm to systems with open and periodic boundary conditions. We find that fidelity differs significantly in the two cases and study its scaling properties in the quantum critical regime.
. The key insights provided by these studies can be briefly summarized as follows.
In the limit of δ → 0 taken under the fixed system size M fidelity can be expanded as
Then, one finds that around the critical point χ ∼ M 2/dν , while far away from it χ ∼ M/|λ − λ c | 2−dν [6, 7] . χ is known as fidelity susceptibility and d stands for the system's dimensionality.
On the other hand, in the limit of M → ∞ taken at the fixed field shift δ one finds that near the critical point ln F ∼ −M |δ| dν , while far away from it ln F ∼ −M δ 2 /|λ − λ c | 2−dν [8] ; see also Ref. [9] for a similar approach to fidelity in the thermodynamically-large systems and Ref. [10] for some modifications to these scaling laws.
We will study below the Bose-Hubbard model at unit filling factor [11, 12] . This model describes interacting bosons in a lattice. It can be experimentally realized in optical lattices filled with ultra cold atoms. This was proposed in Ref. [13] and accomplished in a cubic lattice a few years later [14] . Soon by the appropriate modifications of the lattice potential, a one-dimensional (1D) version of the model was also realized [15] . Since then the Bose-Hubbard model and its generalizations form standard starting points in describing cold atoms in periodic potentials (see Ref. [16] for a recent review).
The Bose-Hubbard model allows for the quantum phase transition between Mott insulator and superfluid states. Importantly, this transition is of BerezinskiiKosterlitz-Thouless (BKT) type [12] . The correlation length is infinite on the superfluid side and it exponentially diverges near the critical point on the Mott insulator side: ln ξ ∼ 1/ √ λ c − λ [17, 18] . This means that no critical exponent ν can be defined on either side of the transition and so the above scaling expressions cannot be directly used.
As far as we know, two papers report results on fidelity of the Bose-Hubbard model [19, 20] . Both of them discuss numerical simulations showing that the minimum of fidelity is strongly shifted from the critical point even in systems composed of a few hundreds of atoms (at unit filling factor). More importantly, no convincing argument for the extrapolation of the position of the critical point from the location of the minimum of fidelity in finitesize systems has been proposed so far. Therefore, the understanding of fidelity of the Bose-Hubbard model is incomplete, which motivates our numerical "experiment" on this model. We consider systems larger than those previously studied, describe an unexpected sensitivity of fidelity to the boundary conditions, and systematically study fidelity around its minimum.
II. MODEL
We study fidelity of the Bose-Hubbard model:
where M is the number of lattice sites,n i =â † iâ i , and the creation/annihilation operators satisfy the bosonic commutation relations. The first term describes the tunnelling between lattice sites, while the second one accounts for on-site interactions [21] . The phase diagram of this model depends on the filling factor N/M and the J/U ratio (N is the number of atoms in a lattice). For non-integer filling factors the system is always superfluid. When N/M is integer, the system is in the Mott insulator phase for J/U < (J/U ) c and in the superfluid phase for J/U > (J/U ) c . The position of the critical point was studied in numerous theoretical papers (see Sec. II of Ref. [20] for the recent survey of these studies). The reported values for (J/U ) c range from about 0.27 to about 0.3. The spread of these estimations clearly highlights the complexity of the 1D Bose-Hubbard model, which unlike its famous fermionic cousin [22] , is not integrable. Thus, its analytical studies are necessarily approximate. We will discuss below some relevant approximations and critically evaluate their applicability to the computation of fidelity.
The first simplification one can invoke is the Taylor expansion (2), where the λ and δ dependence of fidelity separate out. One is then left with the computation of fidelity susceptibility, which can be exactly written as [5] 
whereV = ∂Ĥ/∂λ and |φ S (λ) is an eigenstate ofĤ(λ) to the eigenvalue E S (λ) (S ≡ 0 corresponds to the ground state). Eq. (3) can be in principle exactly evaluated when the eigenstates |φ S (λ) and their eigenenergies E S (λ) are exactly known. This is possible in the Bose-Hubbard model only for λ = J/U = 0 (deep Mott insulator limit) and λ = U/J = 0 (deep superfluid limit).
In the former case, one setsV = − if the periodic boundary conditions and the integer filling factor are assumed. Thus χ(J/U = 0) is extensive, i.e., it scales linearly with the system size at the fixed N/M . In the latter case, a non-trivial result is obtained. We refer the reader to Appendix A for the details of its derivation and quote here only the final expression:
valid for periodic boundary conditions and arbitrary filling factor N/M . This result is super-extensive. The scaling χ(U/J = 0) ∼ M 4 appears because the low-energy spectrum of a non-interacting bosonic gas in a lattice is quadratic in quasimomentum. Noting that the crossover from the quadratic to linear spectrum happens at [23] 
the qualitative departures from Eq. (5) are expected to happen at U/J ∼ π 2 /M 2 . For J/U = 0, ∞, Eq. (3) cannot be efficiently used to compute fidelity, and so its usefulness for the analytical characterization of fidelity of the Bose-Hubbard model is very limited.
The next approach in line that seems to be simple enough to provide some analytical insights about fidelity of the Bose-Hubbard model is the Bogolubov approach [23] . There are, however, two problems associated with it. First, it does not describe physics of the Mott insulator phase possessing a finite excitation gap. Second, its validity even in the superfluid phase is questionable in 1D lattices due to the sizable population of the noncondensed atoms [23] . Since we are interested in the BKT transition of the Bose-Hubbard model, our studies are restricted to the 1D model.
Finally, the more advanced treatment of the superfluid phase is provided by the Luttinger liquid theory; see e.g. Ref. [24] for the brief discussion of this theory in the Bose-Hubbard context. Luttinger liquid theory can be regarded as an effective low energy theory of systems, whose spectrum is linear in momentum and whose correlations decay algebraically [25, 26] . The computation of fidelity in the Luttinger liquid theory was presented in Refs. [27] [28] [29] . While Refs. [27, 28] provide a definite expression for fidelity, Ref. [29] argues that the zero temperature result depends on an arbitrary cut-off. This prediction is verified by comparing the Luttinger liquid theory prediction for fidelity susceptibility to the actual result in the XXZ spin chain [29] . Similarly as the BoseHubbard model, the XXZ model also undergoes a BKT transition. Therefore, we assume that the findings of Ref. [29] are relevant for the Bose-Hubbard model as well. Given all these complications, we focus on the numerics. We use Matrix Product State (MPS) techniques for both periodic (â M+1 ≡â 1 ) and open (â M+1 ≡ 0) boundary conditions. Boundary conditions significantly affect the complexity of the numerical computations.
For open boundary conditions the usual DMRG algorithm can be used [30] [31] [32] . This algorithm can be naturally formulated in the MPS language [33] . It has allowed us to find the ground states of the Bose-Hubbard model for lattices containing up to 2048 sites at the unit filling factor. We have limited the bond dimension of the tensors forming the MPS representation to the 200 largest singular values . This has allowed us to obtain converged results for fidelity.
To find the ground state for the periodic boundary conditions, we have used imaginary time evolution technique [34] . The time evolution has been performed with the TEBD algorithm [35] . In periodic chains the singular values decrease more slowly than in the open ones [36, 37] . To obtain the converged fidelity, the bond dimension 220 of the MPS vectors was necessary even for relatively small periodic systems consisting of 64 lattice sites with unit filling. In both cases the local Hilbert space has been cut to the subspace allowing at most 6 particles per site. The accuracy of our computations is discussed in Appendix B. numerics. The two approaches agree with each other. Previous studies of fidelity of the Bose-Hubbard model at unit filling factor were restricted to M ≤ 12 on periodic lattices (exact diagonalization) [19] and M ≤ 120 on the open lattices (DMRG) [20] . Ref. [19] reports results on both fidelity and fidelity susceptibility, while Ref. [20] focuses on fidelity susceptibility.
III. FIDELITY
From now on, we set N = M , i.e., we study the unit filling case. Typical results that we obtain in open and periodic systems are presented in Figs. 1 and 2, respectively.
First, we notice that the minimum of fidelity lies on the Mott insulator side. This is an expected feature because the ground states near the critical point change more rapidly on the Mott insulator side of the transition (see e.g. the exponential dependence of the correlation length in the Mott phase near the critical point).
Second, there are easy-to-notice differences between the periodic and open chain results. As shown in Fig.  3 , the minimum in the open chain is much more shallow and more distant from the critical point than the one in the periodic chain. As expected, periodic chains probe quantum criticality more robustly. However, the magnitude of the difference between the two cases is surprising. It prompts separate numerical studies of the periodic and open chains.
IV. OPEN BOUNDARY CONDITIONS
We start the discussion from looking at the value of fidelity at the minimum. We denote the position of the minimum as J * /U . Our numerics supports the following (6):
where α is some constant. Note that since we work with N/M = 1, it is impossible to decide whether there should be M or N in Eq. (6). The numerical evidence supporting Eq. (6) is discussed in detail in Figs. 4 and 5. It is worth to stress that Eq. (6) works in these figures also when F (J * /U, δ) ≪ 1, i.e., when fidelity susceptibility fails to account for fidelity.
The natural question arising now is the following: Can we extrapolate the position of the critical point by studying the scaling of J * /U with the system size M ? We were unable to find an extrapolation scheme that would give us the correct location of the critical point. We will mention below two attempts.
First, we have tested
with fitted parameters J * (∞)/U = 0.2114 ± 0.0003, a = 0.53 ± 0.02, and b = 0.73 ± 0.02 obtained via standard Mathematica fitting procedure (Fig. 6) . Thus the extrapolated position of the minimum in the infinite system, J * (∞)/U ≃ 0.2114, is nowhere near the expected location of the critical point (J/U ) c . The fit (7) was proposed in Ref. [19] studying fidelity of the Bose-Hubbard model, but no theory supporting it was discussed there. This fit was also used to extrapolate the position of the maximum of fidelity susceptibility in the 2D Ising model in a transverse field [6] . The fit provided the correct location of the critical point and the critical exponent ν (following Ref. [39] , it was verified in Ref. [6] that b = 1/ν in the 2D Ising model in a transverse field; in a 1D Ising model in a transverse field b = 2/ν, which was shown in Refs. [39, 40] ). In the Bose-Hubbard model, however, the critical exponent ν is undefined and it is unclear to us how to improve the fit (7) to properly extrapolate the position of the critical point.
Second, we tried
to include logarithmic finite-size corrections near the BKT transition (Fig.  6) . The fit has provided J * (∞)/U = 0.2106 ± 0.0001, a = 0.375 ± 0.007, and b = 0.991 ± 0.006. While this value for J * (∞)/U is very close to that obtained previously, the quality of this fit is better (the inset of Fig. 6 ). This suggests that the finite-size correction to the position of the minimum of fidelity scales as ln M/M . To quantify the difference between the fits, we provide chi-squared, i.e., the sum of the squared differences between the fitted curve and the numerical data. It equals about 2.7 × 10 −7 for the fit (7) and 3.9 × 10 −8 for the fit (8) . Thus, the fit (8) is indeed better than the (7) one.
Finally, we look closer at fidelity per site, i.e., ln F/M , which is plotted in Fig. 7 . As discussed in Sec. I, this quantity is expected to have a finite non-zero value in the thermodynamic limit in the systems, where the correlation length diverges algebraically. This was predicted and observed in several models [8, 9, 41, 42] . It is unclear from Fig. 7 whether the same holds for the BoseHubbard model. Further studies focusing on larger systems are needed to settle the system-size dependence of fidelity per site.
Next, we turn our attention to the fidelity susceptibility χ(J/U ). Since fidelity (1) is symmetric with respect to the δ → −δ transformation, we compute 
where χ(J/U ) and ψ(J/U ) are the fitting parameters. We plot such obtained fidelity susceptibility in Fig. 8 . The deep Mott insulator regime, J/U → 0, can be computed exactly. For open boundary conditions we get χ(0) = 4(M − 1) at the unit filling factor.
Similarly as in Ref. [20] , we observe that the χ/M curves cross near the critical point, i.e., around J/U ≃ 0.287 (the inset of Fig. 8 ). Indeed, we estimate from Fig. 2 of Ref. [20] that the crossing occurs there at J/U ≃ 1/3.5 ≃ 0.286, which is completely consistent with our result. One could speculate that the position of the critical point might be linked to such a crossing, i.e., to the point where χ ∼ M . One should be careful, however, as such a crossing is absent in periodic systems discussed in Sec. V. We have also studied the position of the maximum of fidelity susceptibility. For example, setting δ = 0.02 as in Fig. 6 , we have found that the minima of fidelity and maxima of fidelity susceptibility roughly coincide (as expected, the larger the system size is, the bigger the discrepancy is). We have fitted the position of the maximum of fidelity susceptibility for M = 32, 64, 128, 256, 512, 1024, 2048 with the power-law (7) and again obtained J * (∞)/U = 0.2121 ± 0.0002.
V. PERIODIC BOUNDARY CONDITIONS
This section presents our results on fidelity in the periodic Bose-Hubbard model. Due to the numerical lim- itations, the system sizes studied here are restricted to M ≤ 64, which is the factor of 2 5 smaller than the range of the system sizes considered in Sec. IV, but the factor of 2 2 larger than the system sizes considered in Ref. [19] . As in Sec. IV, we find numerical evidence towards the proposed scaling of the position of the minimum of fidelity (6) . This is presented in detail in Fig. 9 . There is no significant difference here between the open and periodic results, compare Figs. 5 and 9.
On the other hand, the extrapolation of the position of the minimum of fidelity through Eq. (7) provides a markedly different result with respect to what we have found in Sec. IV. This extrapolation is discussed in Fig.  10 . The extrapolated position of the minimum in an infinite system is J * (∞)/U = 0.270 ± 0.008, which agrees with some of the previous estimations of the position of the critical point [20] . We see also from the fit that the convergence with the system size to the asymptotic result is slow: b = 0.44 ± 0.05 in formula (7) .
Next, we focus on fidelity susceptibility χ(J/U ), which is plotted in Fig. 11 . First, we notice again that χ/M → 4 as J/U → 0. This follows from Eq. (4) taken at N/M = 1. Moreover, it is also seen that χ/M is about the same at the maximum for all three curves (M = 16, 32, 64). Second, we see from Fig. 11 that the fidelity susceptibility curves do not cross near the critical point in the periodic chain. However, they do cross near the critical point in the open chain (the inset of Fig. 8 ). This suggests that the inhomogeneities appearing near the edges in the open chain are responsible for the crossing in the open system (see also Sec. VI). If this is indeed the case, it is even more puzzling why the crossing occurs near the critical point in Fig. 8 .
Third, we have extrapolated the position of the maximum of fidelity susceptibility with Eq. (7). Using data for M = 16, 32, 48, 64, we have obtained from the fit (7) that J * (∞)/U = 0.289 ± 0.008, which again agrees with some earlier studies of the position of the critical point [38] , while the line represents Eq. (7) with J * (∞)/U ≃ 0.27, a ≃ 0.33, and b ≃ 0.44 (all coming from the fit). [20] .
Finally, at the risk of stating the obvious, we mention that it is desirable to extend these computations to larger (more critical) systems.
VI. DISCUSSION
Our results show that there is a significant difference between fidelity in the open and periodic chains. The ground states obtained in the two cases mainly differ by the occupation of the lattice sites, which is translationally invariant in a periodic chain and inhomogeneous near the edges in the open problem (Fig. 12) . We believe that this inhomogeneity makes the difference, but do not have the explanation of why it is so large. It is worth to realize that such an inhomogeneity did not cause much trouble in the determination of the location of the critical point through the studies of the decay of the correlation functions [24] . The ground states in these studies were obtained through the open-chain DMRG simulations, so they were the same as in our calculations. As expected, the influence of inhomogeneities on the system properties near the center was marginal for large-enough systems. Thus, one could obtain reliable results by computing the two-point correlation functions near the center.
This approach differs from the fidelity approach in one important aspect. Namely, the parts of the system near the center and those near the edges equally contribute to fidelity. We see no straightforward way to factor out the influence of the edges on fidelity. This complication follows from the simplicity of the fidelity approach, which democratically collapses all information about two ground state wave-functions into a single number.
We would like to stress that better understanding of our numerical results should come from the analytical derivation of the finite system-size scaling of the position of the minimum of fidelity (maximum of fidelity susceptibility) in a BKT transition. The derivation of the robust system-size-dependent scaling expressions for a BKT transition is notoriously difficult. This is seen, e.g., from the spread of the estimates of the location of the critical point. Interestingly enough, our numerics shows that the scaling law capturing the behavior of fidelity should distinguish between the open and periodic boundary conditions. Finally, we mention that our numerically-supported scaling law for fidelity at its minimum, Eq. (6), also awaits analytical explanation. Summarizing, the key findings of this manuscript are the following. First, we have proposed and numerically verified an expression relating fidelity at the minimum, the system size, and the parameter shift (6) . Second, we have found and numerically characterized the striking difference between fidelity in the open and periodic chains. Third, an exact analytical expression for fidelity susceptibility in the deep superfluid limit has been derived. We expect that these results should motivate further studies of fidelity in the Bose-Hubbard model ultimately leading to the complete understanding of the BKT transition in this model.
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Appendix B: Convergence of numerical simulations
The accuracy of our numerical computation of fidelity is mainly affected by the accuracy of the determination of the ground states of the Bose-Hubbard Hamiltonian. For the later, we use the DMRG and TEBD algorithms for the open and periodic systems, respectively. Both numerical approaches express the ground state through the MPS ansatz.
The errors in the DMRG calculations appear mainly during the so-called local updates, where the predetermined number of the eigenvectors of the reduced density matrix with largest eigenvalues λ 2 i is kept. We keep up to χ = 200 eigenvectors out of the superblock dimension dχ = 1400 (d is the on-site Hilbert space dimension; χ in this section should not be confused with fidelity susceptibility). Let k denote the site at which the local update is considered. The weight of the discarded eigenvectors is
for that local update. Fig. 13 shows the total discarded weights W = k W k as a function of the ratio J/U and the bond dimension χ.
It shows that total discarded weights are certainly negligible around J/U = 0.21, where we study the minima of fidelity (Figs. 4-6 ). In particular, we find that for all studied system sizes, M = 32, . . . , 2048, F (J/U = 0.21, δ = 0.02) obtained for χ = 180 and χ = 240 differ by less than 0.001%.
On the other hand, for large J/U , say J/U > 0.3 for which the infinite system is superfluid, the discarded weights are non-negligible. As a result, we find that 1−F (J/U = 0.3, δ = 0.02) for χ = 160 and χ = 200 differ by about 2% for the system size M = 512 (we compare here 1 − F instead of F because fidelity approaches unity in this regime of parameters). This accuracy is sufficient for our qualitative discussion of fidelity in the superfluid limit. Finally, we mention that in the DMRG calculations the sweeps across the system have been performed until the energy of the ground state reached a stationary value.
The ground state in the periodic system was obtained by the imaginary time evolution using the TEBD algorithm [35] . Similarly as in the DMRG calculation, the maximal discarded weights can be computed. We plot them in the inset of Fig. 13 . Since the eigenvalues λ 2 i decrease much slower than in the periodic case, we have to focus on small systems. This quick loss of accuracy with the system size can be illustrated by computing fidelity for M = 32 and M = 64. We find that F (J/U = 0.21, δ = 0.02) differs for χ = 180 and χ = 240 by about 0.001% when M = 32. For M = 64, however, this difference grows to almost 4%. Thus, our results for fidelity in the periodic case are accurate near the minimum to a few percent for M = 64 and to a fraction of a percent for smaller system sizes. This is sufficient for our quantitative study of the location of the minimum of fidelity.
Finally, we would like to mention that the computation of a single ground state in an open (periodic) chain of length 2048 (64) on a single core 2.6 GHz Intel Xeon processor takes us over a month. Thus, the extension of these studies to larger systems will require the engagement of massive computer resources. [2] S. Sachdev, Quantum Phase Transitions (Cambridge
